We construct a model for n-level atoms coupled to quantized electromagnetic fields in a fibrillar geometry. In the slowly varying envelope and rotating wave approximations, the equations of motion are shown to satisfy a zero curvature representation, implying integrability of the quantum system.
Introduction
The interaction of radiation with two-level atoms has been extensively studied under various approximations. In one spacial dimension, the reduced Maxwell-Bloch equations resulting from the slowly varying envelope and rotating wave approximations are known to be quantum integrable [1] . In this paper we generalize the one-dimensional case of two-level atoms to that of n-level atoms.
In the first of two parts, we construct the fully quantum n-level model. The system consists of n-level atoms distributed in a fibrillar geometry, interacting with radiation through a minimally coupled hamiltonian. In the remaining section we apply the approximations, and show that the Heisenberg equations of motion for the reduced system satisfy the so-called zero curvature representation. This implies that the system is integrable and can be solved by the inverse scattering method.
Mathematical Background
Let us first recall the sl n Lie algebra. The n 2 − 1 generators, written as
where r = n − 1 is the rank, satisfy the following brackets (in the Chevalley basis)
The set spanned by H m being the Cartan subalgebra. (Note that in the bracket (0.2a) a term of the form δ i =j E kk is formally equal to zero, even though E kk has not been defined. The set E ij | 1 ≤ i, j ≤ n satisfying the first relation in (0.2a) is a basis for the algebra gl n .) A representation ρ of sl n will be denoted as
The r × r Cartan matrix A has the explicit form
It is a symmetric matrix with diagonal elements 2 and nearest off-diagonal elements −1. We now proceed to build our quantum system.
The Interacting N-Level Hamiltonian
We model a free n-level atom as having a single electron with eigenstates |i , i = 1, 2, . . . , n, and energies ǫ 1 > ǫ 2 > . . . > ǫ n . The energy splitting between states |i and |i + 1 will be denoted by ω i or ω ii+1 (h = 1)
The atomic operators can now be written as
or linear combinations of the O ij s. The action of O ij on an atomic state |k is given by
From (1.3) the general commutator for the O operators is
Operators of the form O i<j are referred to as raising operators. These cause a transition from the lower energy state |j to the higher energy state |i . Similarly the operators O j>i are lowering operators. We also define a set of commuting operators, denoted H m , as follows
The set O i =j , H m satisfies (0.2), thus forming a representation of sl n . (Note: We shall often use the notation X a<b (X a>b ) to mean X ab with a < b (a > b) for X any quantity, operator, c-number, etc.) By appropriately choosing the arbitrary lowest state energy ǫ n to be
where A −1 is the inverse Cartan matrix, the free atomic hamiltonian can be written as
To couple the atom to an electromagnetic field we make use of the minimal coupling prescription. The standard hamiltonian is
where
and H φ 0 is the free field hamiltonian. If the spatial variation of the vector potential A is small across the atom, we can take its value at a fixed point x 0 inside the atom. Using
where d = e x is the electric dipole operator. Since d is a vector operator and the atomic states are assumed to be parity eigenstates, we have i| d |i = 0. For i < j, the matrix elements are of the form
where d ij ≥ 0 and the unit vector n gives the spatial orientation of the atom. This shows that the dipole operator can be expanded in terms of the raising and lowering operators as
The interaction hamiltonian becomes
To reduce this system to a one-dimensional model, we make use of the fibrillar geometry. The atom can be thought of as an impurity in an optical fiber of cross-sectional area A and length L, with L ≫ √ A. Taking the fiber along the x direction, the reduced field action is found to be (see [2] for details)
where φ is a dimesionless scalar field defined through
Here A is the vector potential depending only on the x coordinate and A eff is the effective fiber cross-sectional area. The field φ satisfies the commutation relation
From the action the free field hamiltonian is found to be
where the last term is the quadratic potential term taken from H int . Now the interaction Hamiltonian is
where (explicitly showingh and c)
The β parameters are the important dimensionless coupling constants of the model. The spontaneous decay rate Γ 
For simplification, we consider the situation where all atoms are aligned n m = n (e.g., by an external electric field), giving
where we have introduced the space-time dependent transition operators
The discrete operator O ij (x m , t) acts only on the atom at x m to cause a transition from |j to |i . The H m (x, t) operators are defined similarly. The general commutator for the space-time transition operators is
from which it is easily seen that the algebra (or now more appropriately current algebra) satisfied by the set {O i =j (x, t), H m (x, t)} is identical, aside from the delta function factor, to the sl n algebra (0.2). The free atomic hamiltonian takes the form
The complete hamiltonian for the system is therefore H 
Two Approximations and Integrability
We now make use of two approximations common in quantum optics to further simplify H int . These being the slowly varying envelope and rotating wave approximations.
In the slowly varying envelope approximation, we assume that near resonant photons with energies ≈ ω ij are most relevant. Then the scalar field φ can be expanded about the various resonances as
where ψ ij (x, t) and ψ † ij (x, t) are destruction and creation fields with mode expansions
Here a ij (a † ij ) is the usual photon destruction (creation) operator. (Note that we are only considering right-moving plane waves.) The operator a ij (k e ) ( a † ij (k e )) destroys (creates) a photon with energy
Thus k e acts as an "envelope" vector about the ω ij resonance. The photon operators satisfy the standard commutator
All other commutators vanish. In writing (2.1) and the above commutaion relations, we have assumed that all resonances ω ij ( 1 2 (n 2 − n) in total) are distinct (i.e., ω ij = ω kl ⇐⇒ i = l and j = k) and sharp. From (2.5) the component fields satisfy
with all other commutators zero. The rotating wave approximation reduces the number of interactions in H int . Using (2.1) in H int we obtain terms with both photon creation (a † ) and atomic raising (O i<j ) operators (or photon destruction and atomic lowering {a, O j>i }), or two photon creation (destruction) operator terms in H φ 0 . Such high frequency terms lead to vacuum fluctuations and higher order processes. The rotating wave approximation sets these processes to zero. We also set to zero terms of the form ψ i<j O k<l (or ψ † i<j O l>k ) for (i, j) = (k, l) since they give no contribution to lowest order in perturbation theory. So we only retain those terms which pair creation/lowering or destruction/raising operators (and creation/destruction operators in H φ 0 ) and connect states with ≈ equal energy.
Combining these two approximations we get
The free field hamiltonian follows from the field action, which using
approximates to to zero and consider the model defined by the complete hamiltonian
Finally we can rescale ψ ij and ψ † ij as
which gives for the commutator (2.6)
and defining
where A x and A t are matrices of quantum operators given by The constraint (2.19) arises in forming a zero-curvature representation for the field ({ψ ij , ψ † ij }) equations of motion, and reduces the number of free parameters to r = n − 1, these being { ω m } 1≤m≤r . The definition (2.14) shows that the constraint is equivalent to the requirement that the spontaneous decay rate (for a single atom) from |i to |j , Γ The equations of motion for the atomic operators have the zero-curvature representation (2.17) independent of the constraint.
A zero-curvature representation implies that the system is integrable. Thus the model (2.15) can now be solved by the Quantum Inverse Scattering Method.
